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LINEAR ALGEBRAS* 



BY 



LEONARD EUGENE DICKSON 



We consider linear algebras of which neither the associative nor the com- 
mutative law of multiplication is assumed, but which contain a modulus. It 
is shown in § 2 that every element X satisfies an equation whose degree is the 
number of units and which is derived from the well-known characteristic equa- 
tion of a linear associative algebra by replacing X^ by X ( A' A' ) , etc. In § 3 there 
is developed a very simple theory of polynomials in these quasi powers A'A, 
Z(ZA),etc. 

Linear algebras in which every element satisfies a quadratic equation are 
treated in §§ 5-7. By making either of two sets of further assumptions, we 
obtain algebras of the quaternion type. 

While in §§ 1-7 the coordinates range over the elements of a general field 
(domain of rationality) , we restrict attention in § 8 to commutative linear 
algebras in the field of real numbers with division always possible and unique.f 
It is shown that the numbers of units is at least six, and that if there be only six 
units the characteristic sextic is the equation of lowest degree which is satisfied 
by the general element of the algebra. Of linear algebras with a modulus, with 
real coordinates and with division uniquely possible, multiplication is associative 
but not commutative in the quaternion system, whereas multiplication is com- 
mutative but not associative in no algebra with fewer than six units. 

In § 9 we exhibit commutative linear algebras with six units in which every 
element is a root of a quartic, but not of a quadratic or cubic, equation. 

In § 10 it is shown | that division is always possible and unique in Cayley's 
non-associative linear algebras in eight units with real coordinates. 

1. Definitions and notations. — Given a field (domain of rationality) F and 
n elements ei, • • • , e„ , linearly independent with respect to F , and such that 

n. 

(1) eiej = ^yiikek (».J = 1 n;7'sinF), 



* Presented to the Society at Minneapolis, December 28, 1910, 

t For an extensive class of fields, not including the field of reals, commutative linear algebras 
in which division is uniquely possible are given in my papers in these Transactions, vol.7 
(1906), pp. 370-390, 514r-522. 

t Added November, 1911; presented to the Society at Chicago, December 29, 1911. 
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we shall say that the set of elements 21*6*, in which the x* range over f , form 
a linear algebra. The sum, difference and product of two elements X = SarjCi 
and X' = Sa;^ e^ are defined by 

n n 

X ± Z' = 2^ (xj ± x;)e.., XX' = S XiXjCiBi = 2 x^^'^y^j^e^. 

ultiplication is not assumed to be associative or commutative. 
Given two elements X and Y of the algebra, X + 0, we can determine an 
e ement X' such that XX' = 7 if 

2Xi7,il • • • SXi7,nl 



A(X) = 



Z^Xi 



yuk 



SXj7,in • • • 2Xi7i, 

is not zero; we can determine X' such that X'X = F if 



A'(Z) = 



2 xtyr 



yuk 



:s not zero. We call A (X) the right hand determinant of X , and A' (X) the 
/ef< Aand determinant of Z . 

We shall assume that ci is a modulus, viz., that eiX = Xe\ = X for every ele- 
ment X We shall write 1 for ei. Then, by (1) for i = 1 and j = 1 in turn, 



(2) 



7i3> = 7iii - 1 , 7i3* = 7jit = 



+ fc). 



Thus Xi occurs only in the terms of A and A' lying in the main diagonal. Hence 
if we replace xi by xi — p , where p is an element of i'' , we obtain 

A(^- P) = ilrj, A'(Z- p) = j:i,p\ 

called the right and left hand characteristic determinants of X . Equating them 
to zero, we obtain the right and left hand characteristic equations. 
Avoiding the ambiguous symbol X' , we shall set 

Xt = oX = 1 , Xi = X , Xi+i = XiX , iX = X , i+iZ = X(iX) . 

If S/.Zj = 0, X is called a right hand root of the equation 2/jp* = 0; if 
-<j ( jX) = , X is a /e/< hand root. 

2, Theorem. Every element of a linear algebra is a left hand root of the right 
and characteristic equation and a right hand root of the left hand characteristic 
equation; namely, for any element X , 



(3) 



t.rdiX) = 0, t.UXi = 0. 
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Denote by a:', , •• • , x'„ the co-factors of the elements in the first row of the 
determinant A(X). Multiply them by the corresponding elements of the 
Ath row of A (X) and add the products. We obtain the coefficient y* of et in 
Y = XX'. Hence yi = A, y* = (t > 1). Thus'zX' = A. Replace xx 
hy x\— p and let X' become F = V^^Fip', where the F,- are elements of the 
algebra. Then 

{x-p)F^j:up\ 

Equating coeflScients of like powers of /> , we get 

XFg— Tf, , XFi — Fq = r, , • • • , XF»_1 — Fn-i = fn-l , — Fn-l = Tn • 

Multiply on the left the second equation by X , the third by X twice, the fourth 
by X three times, etc. By adding we get Sr^ ( iX) = . 

The proof* of SZiX< = is similar. 

3. Linear combinations of the right hand f powers X< of an element X of a 

linear algebra have certain properties analogous to those of polynomials in a 

scalar variable. Set 

s s 

J5o = Z^ 6,X/, Bu = Bk-iX = Zrf ^jX,+* . 

Lemma. Ji a = bc-\r d, where 

a S V J 

a=^aip*, b=^bip\ c=zlcip\ d=^d,p', 

i=0 i=0 i=0 i=i 

then, for every element X of a linear algebra, 

t 

E 

i=0 *=0 <=0 

For proof, set a'j = Oj — d^, a' = a — d. From a' = be, we have 



a Y * 

2jaiX< = zLckBk-\- 2Jd,Xi. 



o'j = 2} Cicbi-ic (g = greater of 0, i — /S ; s = smaller of r 
*=» 

For = k = y, the coefficients of X,- in B* is 6j_t or zero according as i — /3 = A; = / 
or not. 
Corollary I. If X is a root of 

Bo=i.biXi=0 



•Bulletin of the American Mathematical Society, vol. 17 (1911), p. 294. 
Under the assumption that multiplication is associative, the proof becomes essentially that 
by Fhobenius, Berliner Sitzungsberich t e , 1896, p. 601. 

t Throughout the section we may replace right hand by left hand powers. 
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and if 






T.hr' 



is a factor of 

g 

SffllP*. 

<=0 

then 

i=0 

Corollary II. If X is a root of S6, X,- = , but of no similar equation of lower 
degree, then ZoiXi = implies that "Laip* has the factor S6jp^. 

Theorem. If a = Sat p' and b — Xbi p have the greatest common divisor 
g = Sjip', and we set Go = "^QiXi, G, = G,_iZ, etc., then 

Ao='2m.G,, jBo = S«<G(, Go= Sp.^. + Sg«5(, 

where the m, n, p, q are elements of F . In particular , Aq and Bo both vanish 
if and only if Go vanishes. 

To simplify the notation, let Euclid's process to determine g terminate in 
three steps, so that 

a=bc+d, b = de + f, d = fk+g, f=g. 

In view of the above Lemma, we have 

Ao=ic^Bk + Do, Bo=i.e,D, + Fo, 



*=0 *=0 

*=0 



Do=ilhF,+ Go, Fo = t,hG,. 



By the last two equations. Do = 'SVjG,; by the second, Bo = Sn,(j,; by the first, 
Jo = ^m,G, . Next, the second equation gives 

€ 

Bk=2l ejDj+k+ Fk . 

i=o 

Replacing D,+k by its value from the first equation, we see that the third equa- 
tion gives Go as a linear element of the A, and Bi . 
4. Suppose that the general element X is a root of 

mX = 6i(„_iX) + 1- bm-lX+b„,, 

but of no similar eqiiation of lower degree. By the preceding Cor. II, 6„, is a 
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factor of the right hand characteristic determinant A{X) . Set 

n 
A= bmQ, C = m_lZ — blim-iX) — • • • — bm-l = zLciBi. 

Then XC = bm • Let mi, • • • , m„ be the co-factors of the elements of the first 
row of A (X) and set M = Sm.e,-. By § 2, XM = A. Since Q is a scalar, 

X{QC)={XC)Q=b,.Q = A = XM, XiM-QC) = 0. 

Then XX' = for every X, where X' = M - QC . The coordinates ar) of X' 
are polynomials in a;, , • • • ,x„. Then a;^ A (a;) is identically zero in a;, , • • • ,x„, 
while A(a;) is not (§ 1). Thus x'j = 0, X' = 0. Hence M = QC , rrii = Qc,-. 

Linear algebras in which every element satisfies a quadratic eqvxdion.* 

5. Let the square of every element be a linear function of that element with 
coeflScients in a field F not having modulus 2 . Since e^ = a-\-be, ( e — 6 /2 )^ 
is an element of F . Hence we take the fundamental units to be 1 , ei , • • • , e^ , 
where c< = Su , an element of F . We shall introduce new units l,Ei, • • • ,Em 
such that 
(4) El = c„ E,E, + E,E, = (l,k = l, . . . ,m; l + k), 

where the c^ are elements of F- The case m = 1 requires no attention. For 
m > 1 , i =# j , {et ^ Cj)^ is a linear function of Ci =»= e, . Hence gjC, + e,e< 
is a linear function of Bi + e, , also a linear function of e* — e,- , and hence is an 
element of F : 

Ci ej -\- Cj Bi = 2sij = 2sii {i,j = \, ... ,m). 

Let Ml , • • • , w„ be arbitrary elements of F and set U = l^utBk ■ Then 

TO 

*, 1=1 
By a linear transformation with coefficients in F , 

m 

Wi=Za«», (fc=l, ...,«; |a|+0) 

(=1 

Q can be reduced to the form '2c,Di^ . Set 

m 

'£^/=]Ca„e;, (i = l m). 



* Sections 5-7 were read before the Mathematical Club of the University of Chicago, 
May 18, 1906. 
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Then l,Ei, • • • , £J„ are linearly independent with respect to F and may be taken 
as new units. Now 

a, I t k,i 

Hence relations (4) hold. 
Conversely, when these relations hold, every element 

TO 

(5) Z = aro+Ea:iE* 

*=i 

of the algebra satisfies a quadratic equation: * 

TO 

(6) Z»-2a;oX+<r=0, <r = a;^ - Zcta;^ 

k=l 

This quadratic is the equation of lowest degree with coefficients in F satisfied 
by an element X not in F , Thus, by § 4, <r is a factor of A (Z) and the co- 
factors of the elements of the first row of A are ^.To , — qxi, • • • , — qxm , where 
q = ^|a. 

If X is a root of a quadratic, all products of n factors each X are equal and 
may be designated by Z" . 

6. Consider algebras (4) for which a product vanishes only when one factor 
vanishes. Then each c* is a not-square in F . Further, EiEj is linearly inde- 
pendent oi\,Ei, Ej . For, if 

EiEi= a+hEi-\-cEj, 
then 

a-\-hc bci -f- ac 

(E,-c)(E,+ sE,+ t) = 0, « = J^, ^=-0^- 

Hence m = 3 and, by interchanging E3, •••,£«, we may assume that 7123 4= . 
Thus we may introduce the new units 

E[ = E„ E', = E„ K = 'Ey^,,E„ E', = E,+ p,E', (i^4). 

Then E'^ is the constant ^y\^c^, not zero, which we shall designate by Cj . 
Taking p< = — Ciyni/c's, we find that 

E',E\ + E',E', = 0, EjE', + E',E'j = 0, E'j E\ + E', E'j = (tS4.y = l,2). 

These relations obviously remain true when any E'i(i = 4i) is replaced by a 
linear homogeneous function E\' of E[, • ■ • , E'^. By the argument leading to 

* For the field of all real members we may take c* = — 1 . Then <r vanishes only if each 
X{=0. Thus every element X + has an inverse (2xo — X) l<r =Xi. If multiplication is 
associative, XY = Z has the solution Y = XiZ. 
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(4), we can choose linearly independent functions E'^ , • • • , JS^ such that 

K^ = c':, e','e';+e:e':=o (k.i=4 m-.i+k). 

Hence, dropping accents, we obtain a set of independent units satisfying relations 
(4) and also 

m 
(7) El Ei = 712 + 7121 ^1 + 7122 ^2 + ^3 , Ei Ej = yij + 2 7ij* Ek. 

*=1 
We now add the hypothesis that multiplication is associative. Thus 

EiiEiE,) = CiEi, iE,Ei)Ei = aEi, 

= EiiEiE,) + (EiE,) Ei = 2yi,Ei + 2ci7v< + E7tft(^.-^»+ EuEt) . 

Hence 7</ = 0, 7i/< =0. By (4), 7.,* = — 7,.*. Hence ym = 0. Thus (7) 
gives EiEj = Ef. Hence 

E3 = E^E^-EiE^ = — E1E2, c, = — CiCj, 

If m S 4, EiiEiEi) = EsEi . But 

iE3Ety = -C3Ct, {ExE2EiY = -ExE2ExEiEiEi = E\(,EiEiy=-CiCiCi. 

Thus cj = C1C2 , in contradiction with 03= — C1C2 . Hence m = 3 . Now 

El Ez ^ El ( E\ Ei ) ^ ci Ei , E3 Ei ^ ( Ei E^ ) Ei ^ cj Ei . 

Hence, by (4), we have 

■Ej = Cj, ^2 = <^i> -Ej = — c^C2, E^Ej = £, = — E^Ei, 
(8) 

EiEz ^ CiEi ^ — E3E1, EiEi ^ CiEi ^ — Eihiz. 

For this algebra we readily determine the conditions on ci and Ci under which 
right and left hand division is always possible and unique. The general element 
may be written in the form R + SEi , where R= r-\- pEi and S = s-\- aEi 
belong to the field F{Ei). SetR= r- pEi. Then EiR= REi . Hence 

(X+ YEi)(R+SEi) = XR+ YSci+(XS+ YR)Ei. 

For R and S not both zero, we require that this product shall equal an arbitrarily 
assigned element of the algebra. A necessary and sufficient condition is that 



A = 



R Sci 
S R 



^ RR — Ci SS 



shall vanish only when jR = iS = . For 8 = 0, the condition requires that 

Trans. Am. Math. Soc. S 
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r^ — p^i shall vanish only for r = p = 0, namely, that Ci be a not-square. For 
/S 4= 0, ii/iS is an element T of F (Ei) , and the condition requires that Cj 
shall not be of the form TT. Similarly, 

(R+SE2){X+YE2) = A + BE2, A = RX + SYci, B=SX+RY, 

the determinant of the coeflBcients of X and Y being A . Hence right and left 
hand division is always possible and unique in algebra (8) if and only ifciisa not- 
square in the field F and Ci is not expressible in the form 3? — c^y^, x and y in F . 

We have now determined the linear associative algebras with coordinates in 
a field F such that every element of the algebra satisfies a quadratic equation 
in F and such that right and left hand division is always possible and unique. 
The algebra is either F itself, a field F (Ei) quadratic with respect to jF, or one 
of type (8). 

If F is the field of all real numbers, ci and d may be taken to be — 1 and^ (8) 
is then the quaternion system. Since a real polynomial in p is a product of real 
linear and quadratic factors, every element of an algebra satisfies a real quadratic 
equation. Hence the linear associative algebras in which division is unique 
and in which the coordinates range over the real numbers are the real, the com- 
plex and the quaternion number systems. This result is due to Frobenitjs* 
and C. S. PEiRCE.f 

7. Consider algebra (4) for m = 3 . Employing the notations (5) and (Tj),. 
we find that the minor of the first element of the first row of A (X) is 

Xo + a;272ii + a;373ii X17121 + 3:37321 a;i7i3i + 2:27231 

Mo = Xiym + 2:37312 Xo + 2:17122 + 2:37322 2:17132 + 2:27232 

2:27213 + 2:37313 2:1 7123 + 2:3 7323 2:0 + 2:17133 + 2:27233 

From Mo = Qxo , we find by inspection that 



Q = xl + x^Yixiyiu + T.XiXj 



where i,j,k form a permutation of 1 , 2 , 3 , while in the final sum j < k. 
We discuss the algebras for which Q = <r. By the coefficients of xo , 

7133 = — 7122 , 7232 = — 7l31 » 7233 = 7l21 • 

Then the conditions from the terms quadratic in xi, x^, x^ become 

71227121 + 71317123 = 0, 71317122 — 71327121 = 0, 7l2l7l31 + 72317122 = 0, 



7j/^ 7yy 


+ Z2;? 


7«, yt^ 


7<,* yjik 


< 


7(,* 7.M 



7l22 + 7l2s7l82 ~ ^1 > 



7l21 7|2S7231 — Cj, 



7ui + 71327231 = C3- 



'Journal fiir reine und angewandte Mathematik, vol. 84 (1878), p. 59^ 
tAmerican Journal of Mathematics, vol. 4 (1881), p. 225. 
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Let each Ci + . In the second and third equations, the determinant of 
the coefficients of 7121 , 7m is — C3 . Hence 7121 = 7122 = . By the first 
equation, 7131 = . Then 

71S2 = C1/7, 7231 = — C2/7, C1C2 = — 037", 7 s 7123. 

Replacing E3 by y'^Ez, we have 

J5, = c,, -Ej = Cj, En = — CiCj, EiEj = E3+ 5,2, 

(9) 

EiE^ = CjEj + 5,3, E2E3 = — CjEi + Sjj. 

If the associative law holds, each 5i,- = and the algebra becomes (8) . 

We may specialize the 5,, by applying to the Ei the transformation ( / + Z)~' 
( / — Z) , an automorph of g = c,*, + c^vl + C3D3 , where / is the unit ma rix, 
Z = M~^Y , M being the matrix of q and Y being any skew symmetric matiix. 
Here 03= — C1C2 . We find that ciEiEz, — C2 E1E3, C3E1E2 are transformed 
cogrediently with Ei,Ei, E3; likewise, Ci523, — C2 5i3, C3512. In particular, 
<^i *23 + <^2 ^13 + ^'s ^^2 is an absolute invariant. 

Commviaiive linear algebras in the field of real numbers, mth division always possible 

and unique. 
8. The association law is not assumed. Let 

Xm + aiXn^i + • • • + am= 

be the equation of lowest degree with real coefficients satisfied by a given element 
X of the algebra (cf. § 2). If Z is not in the field of reals, we have m> 1, 
Then m must be even. For, if m were odd, then 

pm ^_ojpm-i_| \-a„= (p+r)(p'^i + 6ip"'-''+ \-b^i), 

0= X^+aiX,^i+ ■■■+a„={X+T){X^i+ ••• + 6,^1), 

whereas each factor is of degree < m and hence not zero. Let n be the number 
of units. If n = 2 , the algebra is the complex number system. Henceforth, 
let n > 2 . Since algebra (4) is not commutative, not every element satisfies 
a quadratic equation. Hence three of our units may be taken to be 1, e^, 
$2= e\, where e, does not satisfy a cubic equation. Thus eiei is linearly inde- 
pendent of e\ and ez . Hence we may take as the fourth unit ez = 61^2 . 
Suppose that Ca + a + 6ei + cei + dez = 0. In the field of reals let 

oi^->ra+hx-itcx^+d3?= {x^-^ex-\-f){x^-\-gx-\-h). 
Then 

o = /A, f=eh + fg, c = f+ h+eg, d=e+g. 
Thus 

= e? + o + 6e, + ce, + (foj = (e^ + ee, + /) (cj + gei + h) , 
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whereas neither factor is zero. Hence n = 5 and we may take e^ = el as the 
fifth unit. 

For n = 5 , the general element X satisfies an equation of degree m , where 
m is even and 2 < m = 5 ; hence m = 4 . For n = 6 , we make the assumption 
that m = 4 . Thus 

(10) X ■ X''^ A + BX+CX^+DXK 

In particular, c, c, = ^ + • • • + De^ . Set Ei = ei + k, £2= El, • • • . 
Then 

E1E3 = a + j3£i + yEi +{D + 4fc) Ej. 

Hence we may set Z) = and 

6163 = 6^2 + cei + d. 

Then f = bfP+ ct + d has no real root. For, if so, 

(ei-t)[e3 + te2+{e-b)ei+fi-tb- c] = 0. 

Lemma. If e is linearly independent of 1, Ci, 62,63, then eie is linearly inde- 
pendent of I, Ci, 62,63,6. 
For, if 616 = ae + jScs + 762 + 8ei+ e, then 

(61 — a){6+y63+ ze2 + wei + \) 
vanishes when 

z=ay—fi, w= {a!'—b)y — aP — y, \= (c^ — ab— c)y — o?p — oiy — S, 

(a* - a^b - ac - d) y = o^fi + a^y + aS + t. 

Since a is real, the coefficient of y is not zero. 

Taking e= 64 , we see that ra > 5 and that the sixth unit may be chosen to be 
6i = ei 64 . 

Let the algebra have only 6 units, eo = 1 , ei , • • • , eg . Then 

(11) cj = Cj, 6^62= e^, 6l = ef, 6163= be2 + c6i + d, e,e^ = gj, 

(12) 6i6i = Sm.ei, 6263 = Sfje<, 6264 = Sgije,-, 6265 = SftfCj. 

Applying the Lemma for e = XC4 + j/es , where a; and y are not both zero, we 
see that ares + y (771464 + wis es) is not a multiple of xci + yeg. Hence 



4=0, m* + 4m^<0. 



ym^ x + yvi^ 
X y 

Thus TO4 < and we may set m4 = — 1 / r" , For £j = r% , 

£2= El, E,= E,E2, E,= El, E,=E,E„ E,E,= Y.m\F^i-E,+rm,E, 

Hence we may set m4 = — 1 , '= ms < 2 in the initial formulas. 
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A = 



Set 



The characteristic determinant for X = Xo+ xiei + 2:262 is 

a;o xid+x^fo 2:2^0 xi'mo+ Xiho 

xi xo Xic + Xifi X2gi xivii + Xihi 

X2 Xl Xo Xlb + X2f2 X2g2 XirH2+X2h2 

xt Xl Xo + X2/3 X2ff3 XiTOs + arj^s 

X2 X2/4 xo + X2gi — Xl +X2A4 

X2/5 Xl+X2Sr6 Xo+Xim6+X2A8 

X' - B - CX - DX^ = l^dei. 

Then, by (10) and §4, the co-factor Fi of the ith element of the first row of A 
equals Qci, where Q = A / A. Now 

C5 = x^4 ( 1 + 2/,) + xlgt, c^ = x?Xj + a^Z, 1 = 3x« + j^x, - B . 

Thus Fi has the factor xj . But 

f5 = a;!x,{x„(l+/5)-x,/,} + x»( ). 

Hence /« = 0, /g = — 1 , Cj = x' (jfj Xj — x,) . Then F^ is divisible by Cg if 
and only if 

ft= 9\+ 2g,(g,-f,) , g,= g,g- 2f,g,+ (2f,-g,-2c)gl+ (^4+26- 2/,)^', 
the quotient being 
Q=-xl- g.XoX, + XoX, (/, -2g,-gl) + xl(b + g,-fj) + x,Xj 7 + x*Z, 
Y=f2-gz-c+(gi+2b- 2Sz)g„ 
Z = ff, -/i+ (2/2 - </3 - 2c)?.+ {g,+ 2h - 2f,)gl 
The conditions for Ft = Qct reduce tol= — xo — ( 6 + 1 ) X2 and* 
*»»=?6> /s=?4+^+l. h= gl — b—l, K = fj—c—gi, %=?.,> 
*» = 2/1 - <72 - 2/,ff, + 2cg, + g,g, + 2gl + 2g,{b+ 1), 
wt* = /i -/j?. + c?. + d + fl'4 (& + 1) . 

h = mi + 96702 + bgz, hi= Z ib+ 1) — hfi. 
Giving notations to c| , • • • , e^c, , we set 
(13) X^XxiBi, X'^HLiei, X^=-Wiei, Z-Z'=SM<e< (i = 0, 1 5). 



* These and the earlier relations are together equivalent to those obtained by requiring that 
ei + «ei shall satisfy an equation (10). 
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Then, by (10), 

(14) Mi= Bxi+CLi+DGi (t = l 5). 

First, set xo= Xi = Xi= 0. Eliminating B , and then C, Z) we have 

MiXj — MjXi LiXj — LjXi GiXj — GjXt 
Aij= Mi Li Gi 

Ml, Li Gi 



= (i.y = i.2,3). 



The terms with the factor xl in Ass and A13 were obtained and the resulting 
conditions on the constants derived. Also Li Mi — Li Mi must be divisible 
by LiGi — LiGi, the quotient being D . Finally, Mi — DGi must be divisible 
by Li , the quotient being C . Similarly, for Xo = 2^2 = ais = , the analogous 
determinants A^ and A46 were examined; by the terms of highest degree in Xi, 
we cret 

!7,= 3+36-4<7,% f, = c+^g,-2gl. 

For x^ = Xi= 0, the terms in x^xl, x^xlx^, XyX^x^x^ of Af, — DG^ — CL^ = 
yield 

m,= g,+ 4:+8b + 4b'- 8bgl - ^gl + 3</*. 

Hence, writing g = g^, 

Q= —xl — gx^Xi + (V — 2 - 26) x^x^ — xl+ ig + ^ — bg) XfX^ 

+ (2g'- 2g* + Sbg" - b' - 2b - 1 )xl 

- 4Q = [2^0 + gx, + (2 + 26 - Sg')x,T + (4 - j,*) (x, - gx,)\ 

the additional term in x\ having the coefficient zero. Hence Q, and therefore 
A vanishes for values of the Xi not all zero, so that division is not always uniquely 
possible. 

Theorem. If division is always possible and unique in a commviative linear 
algebra with coordinates ranging over all real numbers, the number of units is at 
least six. If there are only six units, the characteristic sextic is the equation of lowest 
degree satisfied by the general element of the algebra. 



Commutative linear algebras with six units in which every element is a root of a 

quartic equation. 

9. Consider a commutative algebra of type (11)-(12), in which every element 
satisfies a quartic equation, and m4 = — 1 , as before. Replacing eihy ei + k , 
we may take c = . To s'mplify the formulas and computation set 6 = — 1 , 
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9i = 9i= mi = . The only such algebras may be shown to be those satisfying 
(11) and 

(15) 

el = a-ei, 6364=5, 6365= £, el = p, e^e^= K, el = y. 

We shall prove that in a commutative algebra defined by (11) and (15), every 
element ^xtCt satisfies a quartic equation. It suffices to treat the elements with 
j;o=0. Then, in (13), 

Lg = 2dxiX^ + 2rnXiXii + ^fx^x^ + 2gx2X^ + 2hx2Xi + axl + 2Sa;3a;4 + 2Ex^Xi 

■\-&xl-\-2Kx^x^-\-yx\, 

Ijl ^ U , Xi2 ^ Xi — ^X^X^ , X/j ^ ^Xj^2 , 

i/^ = ^2^i3^5 "7" X2 x^, Jj^ = 2a;,X4 2^2X3, 

<?o = / (i2a;s + 4*s) + fl* (42^4 + L^x^) + h {L^Xi + L^Xi) + dLjXi + aL^x, 

+ 8 (L^x, + L^x^) + E{L^Xi + L^x^)+ fiL.x^ 

+ K iL^x^+ L^xJ + mLjXiH- xL^x^, 

Gi ^ LqXi, Gi = L0X2 — L3X1, Gz ^ LioXz ■\- L2X1, 

6i = LoXi -\- L2X2 — L3X3 — L5X1, Gi = LoXi — L2X3 — L3X2 + LiXi, 

Mi=GoXi, M2= G0X2+G1X1 — G1X3— G^i, M3= G0X3+G1X2+G2X1, 

Mi = GoXt — GiXi + G2X2 — G3X3 — GiXi, 

Mi = GoXi + GiXi — G2X3 — G3X2 + GiXi. 

We obtain Mq from Go by replacing Li by Gi and adding dG\X3 + mGiX^ . 

We may now show that X satisfies a quartic equation (10) with Z> = . 
Consider the conditions (14). For i = 1 , we get M\ = Bx\, whence 

B=Gq. Then fori =3, 

G1X2 + G2X1 = 2x^x^0 , 2x^X2 (i( — x\ — C) = Q, C = Lf^— x\. 

For these values oi B,C, D, conditions (14), with i = 2, 4 , 5 , are seen at once 
to become identities when the G's are expressed in terms of the L's and L,- in 
the one term LoLi is expressed in terms of the a;'s . Finally, there remains only 
the condition Mo = A-{- CLo. Hence X = xiei + • • • + XsCs is a root of 

(16) Xr =M,-L, (L, -x\) + G,X+ (4 -x',)XK 



72 L. E. DICKSON: [January 

In particular, when d,m, • • • , 7 are zero, we have 

2 2 2 

61 — 62, C| ^2 — Cj , ^1 C3 — ^3 > ^1 ^4 — ^6 , Cj ^6 — Cj — C4 , ^2 — ^4 , 

(17) 2 . o 

In a commutative algebra of this type, a;iCi + • • • + arsCs is a root of 

(18) X-X^-\-x\V = ^, 

but not of a cubic or quadratic equation. The general element a; = Z + Xo 
is therefore a root of 

(19) x-^ - 4a;oa^ + {x\ + 6a;J) a;* - (2a;oa;J + 4a;J)x + xjxj + xj = 0. 

Uniqueness of division in Cayhy's algebras with eight units. 

10. Catley * gave, as a direct generalization of quaternions, a linear algebra 
with eight units in which the modulus of a product equals the product of the 
moduli of the factors, each modulus being a sum of eight squares. By changing 
the sign of the final unit we obtain one of the two algebras obtained by Cay- 
let t in his complete enumeration of certain types of algebras which possess 
this property of eight squares. Either of these two algebras may be obtained 
by changing the signs of 62 , • • • , e? in the other. The algebra are distinguished 
by the sign of tj = =<= 1; that with e? = + 1 has the units 1 , Ci, ••-,67, where 

6162=63, 6164=66, 6i6t=6T, 6266= 6j, 6i6i = 67, 6365= 6(,, 6462= 6^, 

with fourteen equations obtained by permuting the subscripts cyclically 

Since the modulus of any element is the sum of the squares of its coordinates, 
any element except zero has an inverse, the coordinates being assumed real. 
Since the associative law does not hold, the existence of an inverse does not 
imply uniqueness of division. To prove the latter, we note that every element 
may be expressed as a linear function of e? , 64 , Ce , with coefiicients linear in Ci . 
For 5 =^ r + sci , set B = r — sCi . Let also C be linear in ei . Then 

6,B = B6,, (Be,)(Ce,)=(BC)e), (B6j)(C6,) = (BC)i6je,y 

(i,fc = 2,4,6;i + fc). 
Hence if the coeflScients are linear in 61 , we have 

(A + Be2+C6i + De^)(a + fie2 + yei+S6i) = P + Q62 + Bei + S66, 

P = Aa-B^-Cy-Dl, Q = Ap + Ba-Ci + Dy, 

R = Ay + BS+Ca-Dp, S=AS-By+C$ + Da. 



•Philosophical Magazine, London, (3), vol. 26, (1845), p. 210. 
t American J6urnal of Mathematics, vol. 4 (1881), pp. 293-296. 
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By multiplication and addition we derive 

«r^ = 5P + 3Q + 7fi + 5-S, aB=-pP + aQ + m-yS, 

aC^-yP-lQ + oR + ^S, aD= -6P + ^Q--pR + aS, 

sa = AP + BQ + CR + DS, sfi=-BP + AQ-DR + CS, 

sy = -CP + DQ + AR-BS, s«= - DP-CQ + BR + AS, 

<r = aa + 0+yy + d^. S = AA + BB+ CC + DD . 

Hence if G and H are any given elements, G 4= , there is an unique solution 
X or y of XG = H or GY = H . Right and left hand division except hy zero 
is always possible and unique in these Cayley algebras. 



